We shall consider the behaviour of Ishikawa iteration with errors in a uniformly convex Banach space. Then we generalize the two theorems of Tan and Xu without the restrictions that C is bounded and lim sup n s n < 1.
Introduction.
Let C be a closed convex subset of a Banach space X and T : C → C be nonexpansive (that is, T x −T y ≤ x −y for all x, y in C). In 1974, Ishikawa [1] introduced a new iteration process as x n+1 = t n T s n T x n + 1 − s n x n + 1 − t n x n , n= 0, 1, 2,..., (1.1) where {t n } and {s n } are sequences in [0, 1] satisfying certain restrictions. The Mann iteration process is a special case of Ishikawa where s n = 0 for all n ≥ 0 [4] . In 1993, Tan and Xu [7] obtained following result: let C be a bounded closed convex subset of a uniformly convex Banach space X, T : C → C a nonexpansive mapping. If for any initial guess x 0 in C, {x n } defined by (1.1), with the restrictions that ∞ n=0 t n (1−t n ) = ∞, ∞ n=0 s n (1−t n ) < ∞, and lim sup n s n < 1, then lim n→∞ x n −T x n = 0.
Let C be a closed convex subset of a Banach space X and T : C → C be nonexpansive. For any given x 0 ∈ C the sequence {x n } defined by x n+1 = α n x n + β n T y n + γ n u n , y n =α n x n +β n T x n +γ n v n , n≥ 0.
( In particular, ifβ n =γ n = 0 for all n ≥ 0, the {x n } defined by
x 0 ∈ C, x n+1 = α n x n + β n T x n + γ n u n , n≥ 0,
is called the Mann iteration sequence with errors. It has been shown that if C is a nonempty bounded closed convex subset of a uniformly convex Banach space X, then every nonexpansive mapping T : C → C has a fixed point (see [2] ). In this paper, we first extend [7, Lemma 2.3] to the Ishikawa iteration sequence with errors (1.2), without the restrictions that C is bounded and lim sup n s n < 1. Then we generalize [7, Theorems 3.1, 3.2, and 3.4].
Lemmas
Lemma 2.1. Suppose that {a n }, {b n }, and {c n } are three sequences of nonnegative numbers such that a n+1 ≤ 1 + b n a n + c n for all n ≥ 1.
(2.1)
If ∞ n=1 b n and ∞ n=1 c n converges, then lim n→∞ a n exists.
Proof. For n, m ≥ 1, we have
Hence, lim sup m→∞ a m ≤ lim inf n→∞ a n . This completes the proof.
Lemma 2.2. Let C be a closed convex subset of a Banach space X, and let T : C → X a nonexpansive mapping. Then for any initial guess x 0 in C, {x n } defined by (1.2),
4)
for all n ≥ 1 and for all p ∈ F(T ), where F(T ), denotes the set of fixed points of T .
Proof. For all p ∈ F(T ), we have
This completes the proof.
Lemma 2.3 [3] . Let C be a closed convex subset of a uniformly convex Banach space X, and let T : C → X a nonexpansive mapping. Then the mapping I −T is demiclosed on C.
Main Results
Theorem 3.1. Let C be a closed convex subset of a uniformly convex Banach space X, T : C → C a nonexpansive mapping with a fixed point. If for any initial guess x 0 in C, {x n } defined by (1.2) , with the restrictions that
Proof. By Lemma 2.2 and T with a fixed point, we set
It follows from (1.2) that
+ β n α n y n − x n + β n y n − T y n + γ n y n − u n + γ n M ≤ α n x n − T x n + β n x n − T y n + α n β nβn x n − T x n + β 2 n α n x n − T y n +β n T x n − T y n + γ n M + β n γ n y n − u n + α n γ n x n − u n + α n β nγn x n − v n + β 2 nγn T y n − v n ≤ α n x n − T x n + α n β n x n − T y n + α n β nβn x n − T x n + β 2 nαn x n − T y n + β 2 nβn x n − y n + 2γ n M + β nγn M ≤ α n + α n β nβn + β 2 Setting a n = T x n − x n , b n = 2α n β nβn , and c n = 2(γ n + β nγn )M, it follows from Lemma 2.1 that lim n→∞ a n exists. Let r (x 0 ) = lim n→∞ x n − T x n . To reach the desired conclusion, it suffices to show that r (x 0 ) is independent of the initial value x 0 . We let {x * n } denote iteration (1.2) commencing at x * 0 . Since x n+1 − x * n+1 ≤ x n − x * n , we may assume that lim n→∞ x n − x * n = d > 0. Then, we obtain On the other hand, we have Recall that a Banach space X is said to satisfy Opial's condition [5] if the condition x n → x 0 weakly implies lim sup n →∞ 
Proof.
Let ω w (x n ) be the weak limit ω-set of {x n }. By Lemma 2.3 and Theorem 3.1, ω w (x n ) is contained in F(T ), the fixed point set of T .
The remainder of the proof is similar to that of [7, Theorem 3.1], so the details are omitted. Recall that a mapping T : C → C with a nonempty fixed points set F(T ) in C will be said to satisfy condition A [6] if there is a nondecreasing function f : [0, ∞) → [0, ∞) with f (0) = 0, f(r) > 0 for r ∈ (0, ∞), such that x − T x ≥ f (d(x, F (T ) )) for all x ∈ C, where d(x, F (T )) = inf { x − z : z ∈ F(T )}.
The following two theorems generalize Theorem 3.2 and [7, Theorem 3.4] respectively. Since a similar proof is in [7] , we omit their proof here. 
